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Abstract 

We construct the general vortex solution in a fully- Higgsed, color-flavor 
locked vacuum of a non-Abelian gauge theory, where the gauge group is 
taken to be the product of an arbitrary simple group and U(l), with a 
Fayet-Iliopoulos term. The strict correspondence between vortices and 
lumps in the associated NLcrM which arise in the limit of strong coupling 
is pointed out. The construction of the vortex moduli space is derived 
here as a consequence of this correspondence. 
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1 Introduction 



Vortices play important roles in various areas of physics from condensed 
matter physics to particle physics [2] and cosmology [3]. Most importantly, 
vortices could play a crucial role in the confinement mechanism of QCD [I] . 

On the other hand, non-linear sigma models (NLcrM), and in particu- 
lar the CP 1 sigma model [5], have been intensively studied because of their 
similarities with QCD, like asymptotic freedom, and non-perturbatively gen- 
erated mass gaps. 

Recently, there has been a significant progress in the understanding of 
non-Abelian vortices in the color-flavor locked vacuum of U(N) gauge theo- 
ries [51 E]. Unlike Abelian vortices [8], they carry orientation moduli in the 
internal space, in addition to the usual position moduli. The most general 
Bogomornyi-Prasad-Sommerfield (BPS) vortex solutions and their moduli 
spaces have been found [9] and many other interesting features have been ex- 
tensively explored [10]. Most studies so far have been restricted to the gauge 
group U(N), with a few but notable exceptions p21 E] mainly devoted to 
the investigation of GNO duality [13] from the vortex side. 

This contribution is based on Ref. [I], where we presented a simple 
framework to construct the most general non-Abelian BPS vortex solution 
in theories with an arbitrary gauge group of type G = G' x £7(1). Here we 
will derive the same construction emphasizing the deep connections between 
vortices and lumps. In fact, our prescription corresponds to a "generalized" 
rational map construction [5] that can be used to construct both vortices and 
lump solutions in a wide class of gauge theories and non-linear sigma models. 

We take G' to be a simple Lie group, but the method can be easily gener- 
alized to non-simple groups. The cases of classical groups G' = SU, SO, USp 
will be worked out in more detail. 



2 The Model and BPS Vortex Equations 

Let us start with presenting the class of models in which we will construct 
vortices. It is a non-Abelian gauge theory with gauge group G — G' x 2/ (1), 
whose Lagrangian is given by 
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where V^H = (d^+iW^H , e and g are the gauge coupling constants for £7(1) 
and G', respectively, and A is the flavor index. Apart from the gauge bosons 
W„ = W®t° + W°:t a the matter content of the model consists of N flavors of 
Higgs scalar fields in the fundamental representation, with a common £7(1) 
charge, written as a color-flavor mixed N x N matrix H. t° and t a denote 



the generators of U(l) and G' and are normalized as 

In 
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The flavor symmetry of the model is SU(N)p. Though our discussion 
concerns mainly the bosonic system (JTJ, the model is really to be considered 
as the (truncated) bosonic sector of the corresponding M = 2 supersymmetric 
gauge theory, which explains the particular form of the potential, ensuring at 
the same time its stability against radiative corrections. Another consequence 
of this is that we have several useful descriptions of the moduli space of vacua, 
which will be important in the upcoming discussion 
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{H | D-term conditions} /G (3a) 

= m//G c (3b) 

= \Iq, holomorphic G-invariants} /{algebraic relations} (3c) 

Furthermore, M = 2 supersymmetry implies the existence of BPS satu- 
rated vortex solutions which are supported by the non-trivial first homotopy 
group 7Ti(G — G' x U(l)) = Z. The standard Bogomol'nyi completion for 
static, ^-independent, configurations 
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gives the BPS equations for vortices. 

We will focus our attention on the classical Lie groups SU(N), SO(2M) 
and USp(2M). For G' = SO{2M), USp(2M) their group elements are em- 
bedded into SU(N) (N = 2M) by constraints of the form, U T JU = J, where 
J is the rank-2 invariant tensor 
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where e = +1 for SO(2M), while e = -1 for USp(2M). 
these cases we get the BPS vortex equations 
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Specializing H] to 

(6a) 
(6b) 
(6c) 



where the complex coordinate z = x 1 +ix 2 has been introduced. Eq. [6cl reads 
for G' = SU(N) instead: 
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3 The Strong Coupling Limit and the BPS 
Lump Equations 



Another class of theories we are interested in, is the set of non-linear sigma 
models which can be obtained from the theories (3) by taking the strong 
coupling limit: e,g — > oo. In a fully Higgsed vacuum, all gauge fields are 
massive and can be integrated out, and the limit is reliable. The resulting 
theory is an M = 2 NLcxM in 3+1 dimensions whose target space is the 
vacuum manifold of the gauge theory: 



The fields fa are a conveniently chosen set of independent coordinates on the 
target space while K is the Kahler potential of the gauge theory. 

This class of models also admits BPS, a; 3 -independent, stringy soliton 
called lumps. This kind of solitons are supported by a non-trivial homotopy 
group 7t 2 (A4nlo-m)- It is indeed very easy to find the equations for lumps 
without going into the explicit computation of the Kahler potential. In fact, 
taking the strong coupling limit in ([1]) without explicitly intagrating out the 
gauge fields, we obtain a description of the models (jHJ) in terms of the fields 
of the original gauge theory (H, W^) . Lump equations are simply given by 
the strong coupling limit of the vortex equations (jSJ). 



Notice that Eq. [9b] and Eq. [9c] are nothing but the D-term vacuum equations, 
whose solutions define A^nlo-m- 

A general property of the models flSJ) is the classical scale invariance. 
Lumps develop a moduli space of degenerate solutions with arbitrary size 
and consequently there appear singular solutions with zero size, called small- 
lump singularities. Another way to understand these singularities is to no- 
tice that the NLcxMs are well defined only on a fully Higgsed vacuum, while 
the theories (JTJ) have a moduli space of vacua that usually includes many 
branches with different physical properties: Higgs and Coulomb branches, 
mixed Higgs- Coulomb phases in which the gauge symmetry is only partially 
broken. Lump solutions can be understood as maps from the C-plane orthog- 
onal to the x 3 -axis, into the target space A^nlo-m and we expect singularities 
when this map hit a point which corresponds to a phase of the original gauge 
theory with an unbroken gauge symmetry. In fact, in this points, the appear- 
ance of massless particles gives rise to singularities in the Kahler potential 
of the gauge theory, and thus on the target manifold of the NLcrM. For ex- 
ample, small-lump singularities are usually related to conical singularities in 
the target spaced 

1 A / JnlctM can contain also different kind of singularities, like curvature singularities. 
They give rise to different kinds of singular lumps [TO] , 
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Before giving the recipes for the construction of lumps, we will comment, 
in the next section, on the correspondence between vortices in the gauge 
theories ([I]) and lumps in the related NLaM (jSj). A consequence of this 
correspondence is that we get, as promised, the moduli space of vortices. 

4 The Vortex-Lump Correspondence 

The deep connection between vortices and lumps was first noticed by Hind- 
marsh [23]. In the extended Abelian Higgs model "semilocal" vortices [2U 
|2"5] appear, which are generalizations of the usual Abrikosov-Nielsen-Olesen 
(ANO) vortices: they possess zero modes related to an arbitrary size parame- 
ter. Semilocal vortices "interpolate" between ANO vortices and CP n lumps, 
in the sense that zero-size semilocal vortices are ANO ( "local" ) vortices, while 
semilocal vortices with increasing size become identical to lumps. 

We consider this relationship from another, but equivalent, point of view 
[T7j : taking the strong coupling limit e, g — > oo we map the gauge theory (TjQ) 
into the sigma model ([81) ; at the same time, we map any vortex appearing in 
the first theory into a lump of the latter: 

G' x U(l) Gauge theory — ► NLcrM on M G 

Vortices — > Lumps. (10) 

This correspondence can also be better understood if one consider more quan- 
titative relations. 

BPS correspondence. Vortices and lumps are BPS saturated objects. 
Their masses do not depend on the gauge couplings, being proportional to 
the central charge of the supersymmetry algebra: T vor = Mi um 

Topological correspondence. In a generic case in which the vac- 
uum manifold is simply connected^], the following relations hold: 7t 2 (.Mg) = 
^(■Mvacman/G) = 7ri (G), which define a correspondence between the topo- 
logical charges of vortices and lumps. 

It is important, however, to notice that some vortex configurations will be 
mapped into singular lumps. For example, ANO vortices, with a typical size 
~ l/gv, shrink to singular spikes of energy, and are mapped into small-lump 
singularities. Conversely, small-lump singularities are regularized into ANO 
vortices when finite gauge couplings are restored. The discussion above leads 
to the following relation among the moduli spaces of vortices and lumps [H] : 

M vor = Mi um © {singular lumps} (11) 

5 The Generalized Rational Map Construc- 
tion for Lumps 

After the general discussion of the previous Section, we are now ready to 
explicitly construct the moduli space of lumps arising from (jSJ). 

2 This property of the vacuum manifold is the necessary condition for the existence of 
semilocal vortices [25] . 



We choose the fully Higgsed, color-flavor locked vacuum: H vcv = ^=ljy. 
The G" X [/(l) x SU(N)p invariance of the theory is broken to the global 
color-flavor diagonal G' c+F . The first step toward the solutions of Eq. [9] is to 
switch from the description (|3aj) for the moduli space of vacua to that of (13bj) . 
We can thus forget the D-term vacuum equations ( I9bl) and ( l9cl) . at the prize 
of lifting the gauge symmetry G to its complexification G c . Eq. [9a|has now 
a very intuitive meaning. It can be thought as a "covariant holomorphicity" 
condition. This means that H is holomorphic, up to a complexified gauge 
t r ansf or mat ion : 

H = S^Hoiz) = S^S'-'Hoiz) , (12) 

where S G G c , while Hq(z) is a matrix whose elements are holomorphic 
in z. We denote Hq(z) the moduli matrix [16], as it encodes all moduli 
parameters^. Eq. [12] does not fix completely G c . Hq(z) is in fact only defined 
up to holomorphic gauge transformations V(z): 

H ~ V(z)H = V e V'(z)H , V G G" c , V e G C* . (13) 

The next step is to consider the holomorphic invariants Iq (H) made of 
H, which are invariant under G c , with labeling them. This is equivalent 
to changing our description of A4q from Eq. [3b] to Eq. [3cJ The key point 
here is that, thanks to Eq. [T21 these invariant are also holomorphic functions 
of the coordinate z: 

I^\H) = 1^ (S- l H (z)) = I^\H )(z). (14) 

We have thus identified a lump as a holomorphic map from the complex 
plane C to the set of holomorphic invariants I^fl 

The last step is to impose the following boundary conditions to the holo- 
morphic invariants: 

I% j \H) =JW). (15) 

\z\— »oo 

It is convenient to translate the above conditions in terms of the holomorphic 
invariants of G', P g ,{Hq): 

where we must take ratios of invariants with the same U{1) charge: n« = njf|. 
Eq. [16] defines the generalized rational map construction for lumps. 



3 To reconstruct the solution in terms of the original Higgs fields H, one has still to 
solve Eq. [HI as algebraic equations for S. 

4 All the points at the infinity of z are in fact identified, so that the map is in fact 
defined on CP 1 . 

5 The U(l) charge m is simply defined as: lQ,(aH ) = a ni I l G ,(H a ), for any complex 
number a. 



It is easy to check that Eq. [15] and Eq. [16] together imply the following: 
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where v is an integer common to all invariants. As P g ,{Hq(z)) are holo- 
morphic, the above condition means that I G ,(H (z)) are polynomials in z. 
Furthermore, vrti must be a positive integer for all i: 

vrii G Z + — > u = k/n , k G Z + , (18) 

where (GCD = the greatest common divisor) 

n = GCDK | 4 V ^ 0} . (19) 

Note that a U(l) gauge transformation e 2nl ^ n ° leaves P G ,(H) invariant: 

P G ,(H') = e 2nin * /n °P G ,{H) = P G ,{H) : (20) 

the phase rotation e 2n ^ n ° G Z no changes no physics, and the true gauge 
group is thus G = U{\) x G"/Z„ , where Z no is the center of G'. A simple 
homotopy argument tells us that 1/no is the U(l) winding for the minimal, 
k — 1, topologically non-trivial configuration. Finally, for a given k the 
following important relation holds 

P G ,(H ) = P vev z km/no + O{z kni/no ~ l ) , (21) 



which implies nontrivial constraints on H (z). The set of all inequivalent 
H (z) satisfying Eq. [21] identify a lump solution, and thus defines the full 
moduli space. 



6 Moduli Space of Vortices 

The lump construction explained in the last Section is only partially com- 
plete, because one has to identify all singular lump solutions, and this is 
not easy in general. This problem disappears when we lift the construction 
for lump to that for vortices in the related gauge theory, according to the 
discussion of Sec. [H As explained there, singular lumps are regularized into 
vortices as we turn on finite gauge couplings, and Eq. [51] now give the full 
and complete description of the moduli space of non-Abelian vortices. 

To reconstruct the original Higgs fields H = S^ 1 !!^ we now have to solve 
the BPS differential equations Eq. [6b] and Eq. [6c] (or Eq. [7]) in terms of S, 
while from Eq. [6a] we find the gauge fields: 

W 1 + iW 2 = -2iS~ l dS. (22) 

The tension of the BPS vortices can be written as 

T = —j= j d 2 x F° 2 = 2v 2 J d 2 x dd \og{S e S\) . (23) 



The asymptotic behavior S e ~ then determines the tension 

T = 2ttv 2 v , (24) 

thus v has to be identified with the U(l) winding number of the vortex 
configuration. 

Let us now apply the general discussion above to concrete examples. For 
G' = SU(N), with iV flavors, there only exists one invariant 

I S u = det(if) , (25) 

with charge N. Thus the minimal winding is equal to 1/N and the condition 
for k vortices is given by: 

A N -i : det H (z) = z k + 0{z k ^), v = k/N . (26) 

For G' = SO(2M), USp{2M), there are N(N ± l)/2 invariants 

(Iso,us P Ys = (H T JH) r s , 1 < r < s < N , (27) 

in addition to ( 1251) . The constraints are: 

C M , D m : H^(z)JH (z) = z k J + 0{z k ~ l ) , v = k/2 . (28) 

Thus, vortices in the SO(2M) and Usp(2M) theories are quantized in half 
integers of the U(l) winding [T2] . 

Explicitly, the minimal vortices in SU(N) and SO(2M) or USp(2M) 
theories are given respectively by the moduli matrices: 

The moduli parameters are all complex. For SU(N), a is just a number; b 
is a column vector. For SO(2M) or USp(2M), the matrix C^/a for instance 
is symmetric or antisymmetric, respectively. And vice versa for B. Moduli 
matrices for SO{2M + 1) as well as those for k = 2 vortices in SU, SO, USp 
theories, will soon be given explicitly in Ref . [THl [20] . 

The index theorem gives the complex dimension of the moduli space 

k N 2 

dim c {M G >,k) = • (30) 

n 

This was obtained in Ref. [6] for SU(N); a proof in other cases will be 
reported elsewhere [TH [20]. In all cases studied we have checked that the 
dimension of the moduli space inferred from the moduli matrices agrees with 
the one given in Eq. [30] 

Except for the SU(N) case, our model has a non-trivial Higgs branch 
(flat directions). The color-flavor locked vacuum H vev oc ljy is just one of the 
possible (albeit the most symmetric) choices for the vacuum; our discussion 
can readily be generalized to a generic vacuum on the Higgs branch. This 
fact, however, implies that our non-Abelian vortices have semilocal moduli 
even for Nf = N. In contrast to the Abelian or SU(N) cases, moreover, they 
exhibit new, interesting phenomena such as "fractional" vortices [20] . 

The generalization to exceptional groups can be done if the invariant 
tensors of each group are known. Indeed, this is the case, and Tab. [1] lists 
them all. 
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Table 1: The dimension of the fundamental representation (R), the rank of 
the other invariants [22] and the minimal tension v = 1/rio i-e. the center Z no 
of G'. The determinant of the Rx R matrix gives one invariant with charge, 
dim R. 



7 Local (ANO-like) Vortices 

For various considerations, we are interested in knowing which of the moduli 
parameters describe the local vortices, the ANO-type vortices with expo- 
nential tails. The moduli space of fundamental local vortices, for example, 
is completely generated by the global symmetries of the vacuum (see below) 
and it can eventually survive non-BPS deformations that preserve these sym- 
metries. Furthermore, recently it was found that local vortices correspond 
to the subset of solutions with the maximum number of normalizable moduli 

mi- 

Local vortices correspond, as we mentioned, to small lump singularities in 
the lump construction. These configurations are obtained when the rational 
map construction is degenerate, e.g., when all the invariants I G , share a 
common zero: 

P G , = {z-z^I%. (31) 

The rational map in Eq. [TBI does not feel any of these common zeros, which 
can be interpreted as insertions of singular spikes of energy, or local vortices. 
Configurations with only local vortices are obtained imposing a complete 
degeneration of the rational map: 
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For G' = SO{2M), USp(2M) with I SO ,us P of Eq. [27] we find that the condi- 
tion for vortices to be of local type is 



k 



Ho, loca i(z) JH o,iocd(z) = - zoe) J ■ (33) 

Let us now discuss a few concrete examples. The general solution for the 
minimal vortex (J2HD for G' = {SU(N), SO(2M),USp(2M)} is reduced to a 
local vortex if we restrict it to be of the form: 



The vortex position is given by a, while b for SU (N) and B^/s for SO (2M) or 
USp(2M) encode the Nambu-Goldstone modes associated with the breaking 
of the color-flavor symmetry by the vortex G' c+F — > Hq'- The moduli spaces 
are direct products of a complex number and the Hermitian symmetric spaces 

M&ju ^ C x G' C+F /H G , , (35) 

Hsu(N) = SU(N - 1) x U(l) while H S o(2M),us p (2M) = U(M). The results for 
SU(N) and SO(2M) are well-known 0GJCL2]. The matrices describe 
just one patch of the moduli space. In order to define the manifold globally 
we need a sufficient number of patches. The number of patches is iV for 
G' = SU(N) and 2 M for G = SO(2M), USp(2M). The transition functions 
correspond to the ^-equivalence relations [9]. In the case of G' = SO(2M), 
the patches are given by permutation of the i-th and the (M-M)-th columns in 
(|34|) . We find that no regular transition functions connect the odd and even 
permutations (patches), hence the moduli space consists of two disconnected 
copies of SO(2M)/U(M) [12]. The complex dimensions of the moduli spaces 
are dim c M^ 2M) , k=1 = §M(M -1) + 1 and dim c M l {} c ^ 2M) k=l = |M(M + 
1) + 1. 

8 Conclusion 

We have given all the necessary tools to construct vortex solutions in a wide 
class of non-Abelian gauge theories. In fact, our method may be potentially 
extended to any gauge theory with any matter content. The only requirement 
is M = 2 supersymmetry. The same method gives also a generalization of 
the rational map construction for lump, which can be applied to any NLcxM 
whose target space is the vacuum manifold of an Af = 2 gauge theory. Our 
method can also be extended to other BPS solitons such as domain walls, 
monopoles and instantons, and hopefully opens powerful new windows for 
their investigation. 
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